Abstract. In this paper we study right S-Noetherian rings and modules, extending notions introduced by Anderson and Dumitrescu in commutative algebra to noncommutative rings. Two characterizations of right S-Noetherian rings are given in terms of completely prime right ideals and point annihilator sets. We also prove an existence result for completely prime point annihilators of certain S-Noetherian modules with the following consequence in commutative algebra: If a module M over a commutative ring is S-Noetherian with respect to a multiplicative set S that contains no zero-divisors for M , then M has an associated prime.
Introduction
Throughout this paper, all rings are associative with identity and all modules are unitary. In algebra, Noetherian rings have a distinguished place. Cohen's celebrated theorem gives a characterization of commutative Noetherian rings through prime ideals: A commutative ring is Noetherian if and only if each of its prime ideals is finitely generated (see [5, Theorem 2] ). The problem of finding suitable extensions of commutative results in noncommutative algebra is often not as straightforward as it seems. For instance, if one uses the typical definition of a prime ideal in a noncommutative ring (see [7, Definition 5.1] ), then the naive extension Cohen's Theorem does not hold, as shown in [11, Remark 2.11] . Nevertheless, extensions of Cohen's Theorem to the context of right ideals in noncommutative rings were achieved using using completely prime right ideals and Oka families of right ideals in [9] , and point annihilator sets in [10] . Following [9] , we say that a proper right ideal P of R is a completely prime right ideal if for any a, b ∈ R satisfying aP ⊆ P and ab ∈ P we have a ∈ P or b ∈ P . Also, we recall that an Oka family of right ideals (or a right Oka family) in a (noncommutative) ring R is a family F of right ideals with R ∈ F such that for any right ideal I of R and any element a of R, I + aR, a −1 I ∈ F ⇒ I ∈ F , where a −1 I = {r ∈ R : ar ∈ I}. It was shown in [9, Theorem 3.8 ] that a ring is right noetherian if and only if each of its completely prime right ideals is finitely generated, with the proof relying crucially on the fact that the set of finitely generated right ideals in any ring R is an Oka family.
A generalization of commutative Noetherian rings, known as S-Noetherian rings, was defined by D. D. Anderson and T. Dumitrescu in [4] . Several authors have continued the study of such rings, as in [2] , [3] , [8] , [12] . Let R be a commutative ring with a multiplicative subset S. An ideal I of R is called S-finite if Is ⊆ J ⊆ I for some s ∈ S and some finitely generated ideal J. The ring R is called SNoetherian if each ideal of R is S-finite. In [4] , among other things, Anderson and Dumitrescu obtained an S-version of Cohen's Theorem. They proved that a commutative ring R is S-Noetherian if and only if every prime ideal of R disjoint from S is S-finite (see [4, Corollary 5] ).
In this paper, we seek to extend the concept of S-finiteness from [4] to a noncommutative setting, with the goal of retaining an S-version of Cohen's Theorem. As in [9, Theorem 6.2] and [10, Theorem 4.5], we use Oka families as our tool to achieve this goal. The noncommutative extensions of the various S-finiteness properties that are suitable to this goal are as follows. Recall that a subset S of a (not necessarily commutative) ring R is said to be a multiplicative subset if 1 ∈ S and ab ∈ S for any a, b ∈ S. Definition 1.1. Let R be a ring and S ⊆ R a multiplicative subset. A right Rmodule M is is said to be S-finite if M s ⊆ F for some s ∈ S and some finitely generated submodule F of M , and M is said to be S-Noetherian if every submodule of M is an S-finite module. A right ideal I of R is S-finite if it is S-finite as a right R-module, and R is called right S-Noetherian if it the right R-module M = R is S-noetherian.
Our major results are as follows. In Theorem 2.2, we give a noncommutative extension of Anderson and Dimitrescu's S-version of Cohen's theorem, characterizing right S-Noetherian rings in terms of S-finiteness of completely prime right ideals. We provide some equivalent conditions for a right R-module to be S-Noetherian in Theorem 2.3 similar to the characterization of commutative Noetherian rings with the help of ascending chain condition and maximal condition. We apply point annihilator set for modules in the sense of [10] and obtain another characterization for S-Noetherian rings (see Theorem 2.5). Finally, in Theorem 2.7 we prove that a right R-module that is S-noetherian with respect to a set S that contains no zero-divisors for M contains a completely prime right annihilator; in case R is commutative, this means that M has an associated prime.
Main Results
Let R be a ring. It is straightforward to see that finitely generated right ideals of R are S-finite for any multiplicative subset S of R. Therefore a right Noetherian ring is right S-Noetherian, as well. However, the converse does not always hold as the following example shows: Example 1. Let R be a commutative ring and S a multiplicative subset of R such that R is S-Noetherian but not Noetherian. (For example, one may take R to be a non-Noetherian integral domain with S = R \ {0}; see [4, Proposition 2(a)].) Consider the ring T of 2 × 2 upper triangular matrices over R. Then T is not right Noetherian since R is not Noetherian (see [6, Proposition 1.8] ).The set
is a multiplicative subset of T . Let J be a right ideal of T . Then, by [7, Proposition 1.17], J can be written as I 1 I 2 0 I 3 where I 1 , I 2 , and I 3 are ideals of R satisfying I 1 ⊆ I 2 . Since R is S-Noetherian, there exist s i ∈ S and finitely generated ideals F i ⊆ I i such that each I i s i ⊆ F i for i = 1, 2, 3. Without loss of generality, we may assume that
where F is a finitely generated right ideal of T . Thus T is right S ′ -Noetherian.
We aim to prove that to test whether a ring is right S-Noetherian or not it is enough to control only completely prime right ideals. To this end, we first show that the set of all S-finite right ideals of a ring R is a right Oka family.
Lemma 2.1. Let R be a ring and S ⊆ R a multiplicative subset. The set of all S-finite right ideals of a ring R is a right Oka family.
Proof. Since R is finitely generated it is S-finite. So, we have R ∈ F . Let I be a right ideal of R and a ∈ R such that I + aR and a −1 I are S-finite. Then, there exist s, t ∈ S and finitely generated right ideals J, K of R such that (I+aR)s ⊆ J ⊆ I+aR and (a
we may write its finitely many generators in the form x i + ar i for some x i ∈ I, r i ∈ R. Then for the finitely generated right ideal I 0 = x i R ⊆ I, we have J = (x i + ar i )R ⊆ I 0 + aR. One may then verify from Is ⊆ J ⊆ I 0 + aR that in fact Is ⊆ I 0 + a(a −1 I). Therefore we obtain
Ist ⊆ I 0 t + a(a −1 I)t ⊆ I 0 + aK. Note that I 0 and aK are a finitely generated right ideals contained in I. So from
we conclude that I is S-finite.
For a family of right ideals F of a ring R, denote the complement of F within the set of the right ideals of R as F ′ . Let F be a right Oka family in a ring R. It is shown in [9, Theorem 3.6] that if every nonempty chain of right ideals in F ′ has an upper bound in F ′ and every completely prime right ideal is in F , then F contains all right ideals of R.
Theorem 2.2. Let R be a ring and S ⊆ R a multiplicative subset. Then R is right S-Noetherian if and only if every completely prime right ideal of R is S-finite.
Proof. If R is right S-noetherian, then it is obvious that every completely prime right ideal of R is S-finite. To prove the converse, let F be the set of all S-finite right ideals of R, and assume that every completely prime right ideal belongs to F . By Lemma 2.1, the set F is a right Oka family. Let {I α } α∈A be a nonempty chain in F ′ . Set I = α∈A I α . Clearly, I is a right ideal. Assume that I is S-finite. Then Is ⊆ J ⊆ I for some s ∈ S and finitely generated right ideal J of R. Let J = (x 1 , .., x k ) for some x i ∈ R. Since J ⊆ I there is an index β ∈ A such that J ⊆ I β . Then, we get I β s ⊆ J ⊆ I β , which contradicts the assumption that I β is non-S-finite. Hence I is an element of F ′ . This shows that every nonempty chain in F ′ contains an upper bound in F ′ . Because all completely prime right ideals of R belong to F , it follows from [9, Theorem 3.6] that all right ideals of R belong to F . Therefore R is right S-Noetherian.
Observe that a ring R is right S-Noetherian if and only if the right R-module R is S-Noetherian. For any short exact sequence
of right R-modules, M is S-Noetherian if and only if M ′ and M ′′ are S-Noetherian. In particular, if R is right S-Noetherian, so is every finitely generated right Rmodule.
Let R be a ring with a multiplicative subset S, and let M be a right R-module. We recall some notions introduced in [3] , which extend routinely to the noncommutative setting. A chain of submodules {N i } i∈I of a right R-module M is said to be S-stationary if there exists j ∈ I and s ∈ S such that N i s ⊆ N j for all i ∈ I. Let F be a family of submodules of M . An element N ∈ F is called S-maximal if there exists an s ∈ S such that for each We extend these observations to modules over noncommutative rings with no restrictions on the multiplicative subset, obtaining equivalent conditions for a module to be S-Noetherian. We define a family F of submodules of a right R-module M to be S-saturated if it satisfies the following property: for every submodule N of M , if there exist s ∈ S and N 0 ∈ F such that N s ⊆ N 0 , then N ∈ F .
Theorem 2.3. Let S be a multiplicative subset of R and M a right R-module. The following are equivalent: (i) M is S-Noetherian. (ii) Every nonempty chain of submodules of M is S-stationary. (iii) Every nonempty S-saturated set of submodules of M has a maximal element. (iv) Every nonempty set of submodules of M has an S-maximal element.
Proof. (i)⇒(ii) Let M be an S-Noetherian right R-module and {K i } i∈I a nonempty chain of submodules, indexed by I. The set K = i∈I K i is a submodule of M and is S-finite. So, there is an s ∈ S and a finitely generated submodule F of K such that Ks ⊆ F ⊆ K. Since F is finitely generated, there is a j ∈ I satisfying F ⊆ K j . Then we have Ks ⊆ F ⊆ K j , from which it follows that K i s ⊆ K j for each i ∈ I.
(ii)⇒(iii) Let F be an S-saturated set of submodules of M . Given any chain {N i } i∈I ⊆ F , we claim that N = N i is in F , which will imply that N ∈ F is an upper bound for the chain. Indeed, by (ii) there exists N j and s ∈ S such that N i s ⊆ N j for all i ∈ I. Thus N s = ( N i ) s ⊆ N j . Because F is S-saturated, it follows that N ∈ F as desired. Now Zorn's lemma implies that F has a maximal element.
(iii)⇒(iv) Let F be a nonempty set of submodules of M . Consider the family F S of all submodules L ⊆ M such that there exist some s ∈ S and L 0 ∈ F with Ls ⊆ L 0 . It is straightforward to see that F S is S-saturated. Thus (iii) implies that F S has a maximal element V ∈ F S . Fix s ∈ S and N ∈ F such that V s ⊆ N . Now we claim that N is an S-maximal element of F ; specifically, given L ∈ F with N ⊆ L, we will show that Ls ⊆ N . Note that V + L satisfies
(iv)⇒ (i) Suppose that (iv) holds. Let N be a submodule of M , which we will prove to be S-finite. Let F denote the family of finitely generated submodules of N , which is nonempty as 0 ∈ F . Then F has an S-maximal element F ∈ F . Fix s ∈ S such that whenever F ⊆ L with L ∈ F , it follows that Ls ⊆ F . We claim that in fact N s ⊆ F . Indeed, fixing x ∈ N , the submodule L = F + xR of N is finitely generated and contains F . Therefore Ls ⊆ F ; in particular, xs ∈ F . This verifies N s ⊆ F , so that N is S-finite. Thus M is S-Noetherian.
In the study of noncommutative extensions of Cohen's Theorem in [10] , it proved useful to introduce point annihlator sets for classes of modules. A point annihilator of a right R-module M is an annihilator of a nonzero element m of M . Let C be a class of right R-modules. A set S of right ideals of R is a point annihilator set for C if every nonzero M ∈ C has a point annihilator that lies in S. In particular, a point annihilator set for the class of all right R-modules is said to be a right point annihilator set for R, and a point annihilator set for the class of all Noetherian right R-modules is called a right Noetherian point annihilator set for R. Note that if R is a right Noetherian ring, a right point annihilator set for R is the same as a right Noetherian point annihilator set for R.
In a similar manner, we define right S-Noetherian point annihilator sets for R as follows: Definition 2.4. A point annihilator set for the class of all S-Noetherian right R-modules is said to be a right S-Noetherian point annihilator set for R.
Note that if R is right S-Noetherian, then every right S-Noetherian point annihilator set for R is a right point annihilator set for R.
Right S-Noetherian point annihilator sets do exist. The following example illustrates this concept.
Example 2. Let R be a commutative ring and S a multiplicative subset of R. Let F 0 be the set of all proper ideals of R which meet S. We claim that F = Spec(R) ∪ F 0 is an S-Noetherian point annihilator set for R. Let M be a nonzero S-Noetherian R-module. For R ′ = R/Ann R (M ), we have M a faithful S-Noetherian R ′ -module, and so, R ′ is S-Noetherian. The set G of ideals that are annihilators of nonzero elements of the R ′ -module M is nonempty. So, by Theorem 2.3, there is a nonzero element x ∈ M such that I = Ann R ′ (x) is S-maximal in G. Note that I is proper because x = 0. Assume that I is not prime. We wish to show that I ∩ S = ∅. Let ab ∈ I for some a, b ∈ R ′ . Assume that a ∈ I. Then ax = 0. Then Ann R ′ (ax) properly contains the ideal I. Since I is S-maximal, there is an s ∈ S satisfying Ann R ′ (ax)s ⊆ I. Then we have bs ∈ I. If b ∈ I, using a similar argument, we get st ∈ I. Hence I ∩ S = ∅. Observe that I = Ann R (x)/Ann R (M ), and hence either Ann R (x) is prime or Ann R (x) ∩ S = ∅. This proves that F is an S-Noetherian point annihilator set for R.
Right S-Noetherian point annihilator sets provide another noncommutative generalization of Cohen's Theorem. Proof. The family of S-finite right ideals is an Oka family by Lemma 2.1. Observe that every nonempty chain in F ′ has an upper bound in F ′ . Let Max(F ′ ) denote the set of maximal elements in
, that is, I is a maximal non S-finite right ideal. Any nonzero submodule of the right R-module R/I is the image of a right ideal properly containing I, which must be S-finite, thus R/I is an S-Noetherian right R-module. That means the set {R/I : I ∈ Max(F ′ )} consists of S-Noetherian right R-modules. It is obvious that (i)⇒ (ii) and (i) ⇒ (iii). For (ii)⇒ (i), suppose that every right ideal in T is S-finite. Then T ⊆ F . By [10, Theorem 4.3(3)], we conclude that every right ideal of R belongs to F . That is, the ring R is S-Noetherian. For (iii)⇒ (i), assume that every nonzero S-Noetherian right Rmodule has an S-finite point annihilator. Then F is a point annihilator set for the set {R/I : I ∈ Max(F ′ )}. Hence F consists of all right ideals of R, by [10, Theorem 4.1(3)]. Thus R is S-Noetherian.
In [10, Proposition 3.10] , it is shown that the set of completely prime right ideals of a ring R is a right Noetherian point annihilator set for R. However, it is not always a right S-Noetherian point annihilator set for any multiplicative subset S of R. For an extreme example, consider T = C[x 1 , x 2 , ...], the polynomial ring over C in infinitely many variables and let I = (x 1 , x 2 2 , x 3 3 , ..). Let S be a multiplicative subset of the ring R = T /I, containing 0. Then every R-module M will be trivially S-Noetherian. The ring R does not possess any associated primes [1, Example 5.2.6]. We conclude that no point annihilator of the the S-Noetherian module M = R is (completely) prime.
It is an open question for which multiplicative subsets S of a ring R the set of completely prime right ideals is an S-Noetherian point annihilator set for R. While we do not have an answer to this question, we will provide a positive result on the existence of a completely prime point annihilators for certain modules in Theorem 2.7 below.
We will require the following result, which was stated without proof in [9, p. 3014]. We include a proof for the sake of completeness. Proof. Clearly R ∈ F . Suppose that I is a right ideal such that there exists a ∈ R with I + aR, a −1 I ∈ F . To prove that I ∈ F , suppose that m ∈ M with mI = 0. Because (ma) · a −1 I ⊆ mI = 0 and a −1 I ∈ F , we have ma = 0. But then m(I + aR) ⊆ mI + maR = 0, and I + aR ∈ F implies m = 0. Thus I ∈ F as desired.
For a right R-module M and an element s ∈ R, we say that s is a non-zero-divisor for M if ms = 0 implies m = 0 for all m ∈ M . Theorem 2.7. Let S be a multiplicative subset of a ring R, and let M be a nonzero S-Noetherian right R-module. If every element of S is a non-zero-divisor for M , then M has a point annihilator that is a completely prime right ideal.
Proof. Let F denote the right Oka family of Lemma 2.6 for the module M . Fix a point annihilator J 0 = Ann(m) for some nonzero m in M , and note that J 0 ∈ F ′ . We will show that J 0 is contained in a maximal element of F ′ , which will be a point annihilator and completely prime right ideal, by [9, Theorem 3.4] .
Given a chain {J i } of right ideals in F ′ that all contain J 0 , it suffices by Zorn's Lemma to show that J = J i is in F ′ . Note that the submodule mR ⊆ M is isomorphic to R/J 0 , so that each K i = J i /J 0 is isomorphic to the submodule mJ i of M . By Theorem 2.3, there is an s ∈ S and an ideal J n such that every (mJ i )s is contained in mJ n . This means that all K i s are contained in K n . It follows that all J i s are in J n , making Js a subset of J n .
Because J n ∈ F ′ , there exists m n ∈ M \ {0} with m n J n = 0. Then m n Js ⊆ m n J n = 0.
Because s is a non-zero-divisor for M , we have m n J = 0, and J is in F ′ as desired. Therefore J is a completely prime right ideal as stated above, which is also a point annihilator of M .
For a commutative ring R, from the theorem above we obtain that every SNoetherian R-module M such that S contains no zero-divisors for M has an associated prime. This generalizes the well-known result every Noetherian R-module has an associated prime, and suggests that the S-Noetherian property with respect to a set S of non-zero-divisors is a particularly strong finiteness property for a module.
